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MAS506 Probability and Statistical
Inference

Lecture 6: Regression 1

In [1]: import numpy as np
import matplotlib.pyplot as plt

1 Getting the dataset

Here we will be working with a toy dataset to understand the concept in a better way.

In [2]: x

np.array([3, 6, 9, 12])
np.array([3, 6, 5, 8])
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In [3]: fig

plt.
plt.
plt.
plt.
plt.
plt.
plt.

= plt.figure(figsize = (8,5))
scatter(x,y,marker = 'x',s = 200)
xticks(size = 15)
yticks(size = 15)
xlabel('X"',size = 18)

2. Linear Regression

ylabel('Y',size = 18)
title('Toy Regression Dataset',size = 20)
show()
Toy Regression Dataset

8 1 *
7 4
6 *
5 1 *
4 4
31 %

4 6 8 10 12

X
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2.1 For now assuming we want to fit a straight line:
y=pix+ po
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In [4]: fig = plt.figure(figsize = (8,5))
ax = fig.add_subplot(1,1,1)
plt.scatter(x,y,marker = 'x',s = 200)
plt.xticks(size = 15)
plt.yticks(size = 15)
plt.xlabel('X"',size = 18)
plt.ylabel('Y',size = 18)
XX = np.linspace(x.min()-0.5,x.max()+0.5,100)
yy 0.41%xxx + 1.96

plt.plot(xx,yy,color = 'k')

pred_yy = 0.41xx + 1.96
summ = 0
for j in range(len(x)):
xx = [x[j],x[j]]
yy = [yljl,pred_yyl[jl]
ax.plot(xx,yy,color = 'r',linestyle = '-.")
ax.scatter(x[j],pred_yy[jl,color = 'r',s = 70)
s = (y[jl-pred_yyl[jl)/2
summ = summ + (S*2)%%2
plt.text(x[jl+0.2,y[jl-s,f'$e_{j+1}$',size = 15)
plt.title(f'Sum Squared Error $(e_1"2+e_2"2+e_3"2+e_472) = $ {np.rounc
plt.show()

Sum Squared Error (ef + e+ e3+e?)= 4.209
81 X

ie4
|

Now we analyze the SSE for 6 possible random straight line fits.
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Execute the code below to generate 6 possible straight line fits to this data and try guessing
which one is the best

In [5]:
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def poly(x,y):
X = np.ones([len(x),2])
X[:,1]1 = x.flatten()

beta@,betal = np.linalg.lstsq(X, y, rcond=None) [0]

pred_x = np.linspace(x.min(),x.max(),100)
fig = plt.figure(figsize = (20,18))
for i in range(6):
## Getting the line
betad_1
betal_1 np.random.normal(0,0.2)+betal
pred_y = beta®_1 + betal_lxpred_x

## plotting the line
ax = fig.add_subplot(3,2,i+1)

np.random.normal(0,0.05)+betad
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ax.plot(pred_x,pred_y, lw = 2,color = 'k',label = f'y = {np.rc

## scatter plot of data

plt.scatter(x,y,marker = 'x',s = 200, label = 'True Data')

plt.xticks(size = 15)
plt.yticks(size = 15)
plt.xlabel('X"',size = 18)
plt.ylabel('Y',size = 18)
ax.set_ylim([2.5,10])

## error in prediction
pred_yy = beta®_1 + betal_1xx
summ = 0@
for j in range(len(x)):

xx = [x[j],x[j]1]

yy = lyljl,pred_yyl[jll

ax.plot(xx,yy,color = 'r',linestyle = '-.")

ax.scatter(x[j],pred_yy[jl,color =
s = (y[jl-pred_yyl[jl)/2
summ = summ + (S*2)%%2

plt.text(x[j1+0.2,y[j]l-s,f'$e_{j+1}$',size

ax.scatter(x[j]l,pred_yyl[jl,color = 'r',s = 70, label = 'Predic
plt.title(f'SSE $((e_172+e_2"2+e_3"2+e_472) =$ {np.round(summ,

plt.legend(loc = 2,prop = {'size':15})

plt.subplots_adjust(hspace = 0.4)
plt.show()
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In [6]:

poly(x,y)

SSE ((e? + e2 +e? +e?)= 12.402

— y=0.28x + 1.98
* True Data
e Predictions

SSE ((e? +e3 +e2+e?)= 3.649

— y=0.51x+1.98
* True Data
e Predictions

SSE ((e? + e +e2+e?)= 10.208

— y=0.63x + 1.96
% True Data
e Predictions

12
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SSE ((e? + e2 + e2 + e?) = 38.66

10 —&
— y=0.83x+2.04 ; :
91 % True Data : i
gl e Predictions | e
i es
7 i
i
6 i
i
5 *
4 e
31 &
4 6 8 10 12

X

SSE ((e? + e +e?+e?)= 14.804

10
— y=0.25x + 2.05

9 % True Data

g{ @ Predictions *
i

7 i
!

6 !
!

5

4

3

SSE ((e? +e3+e2+e?)= 3.775

10
— y=0.42x+1.97
9 % True Data
8 e Predictions *
7
6
5
4
3
4 6 8 10 2
X

However, for analyzing the error per sample, we will use Mean Squared Error (MSE):

1 n
2
ni=l

where n is the number of samples. For the current case we have:

1
MSE = Z(e% +e+ek+ed)

Hence we want a line(curve) for which the MSE 1s minimum
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2.2 Linear Regression model: The Ordinary
Least Squares (OLS) problem

Starting by fitting a straight line y = f;x + f. Here y will be the prediction at a given x.

Like previous example, suppose we want to fit a line and we have just 4 data points
(x1,¥1), (X2, ¥2), (x3,3), (x4, y4). So at these 4 data points, for a given combination of
p1 and f, the predictions y; , J,, y3 and y, at x;, X,, X3 and x4 respectively are as
follows:

1 =bixi+ B
Y2 =Pixa+ By
y3 = Pix3 + By
Vi = Pixs+ By

Let the error in prediction of y's (also referred to as residuals) be represented as e , e, , €3
and e4 at x1, x5, X3 and x4 respectively. Hence:

e, =y —y,Vi = 1to4d

Using the previous equation, for a given ff; and f, we can write the MSE of the straight line
model as:

MSE=1

N

4 1 & 1 <
26 = 2090 = 5 X 0i= B+ o))
i=1 i=1 =1

Hence to find the best straight line model we need to find f; and f, for which MSE is
minimum. Hence we need to solve the following optimization problem

4
) 1
min MSE = min - Y (3 = (Bix; + fo)) (1)
Pr-Bo pobo 4 =

Taking a little detour, we introduce an alternate matrix vector notation to solve the
optimization problem in (1)

Let
[y ]| (1 x|
Y = » ’ X = 1 X2 : ﬂ — ﬂ() ] (2)
V3 I x3 B
| Vs | [ 1 x4
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Using the 2-norm notation: ||Y | |% = y% + y% + y% + yﬁ , we have

- 1 r - 2

Y1 1 x
SRR | R I 1
3 3 1]
vl L1 x4 ] J
] [B+mx [
_ Ly || PotBix:
410 | 3 Po + Prx3
| ya ]l Lbo+bBixs | b
"y = Bo+ B ||
_ Lt} y2 =B + fix2)
4 [ y3 = (Bo + Pix3)
Yo = (Bo+ Pixa) | |2

S

L
D i = (B + Bixi)’
i=1

<

SE

Hence the optimization problem we need to solve has following equivalent forms:

4
1 1
min MSE =min= Y (y; — (B1x; + Bo)) = min —||Y — XB||3 3)
p=16, 51" Buoby 4 ,; : P4 ’
With X, Y and f as denotd in (2)

The optimization problems in (3) are referred to as the various forms of Ordinary Leas

2.3 Fitting the linear model: Solving OLS
problem
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In order to find the best fitting line, we need to find values of parameters f,, f; that
minimizes the 2™ form in (3) or equivalently, value of vector f that minimizes the 3™ form in

(3). Choosing the vector notation and representing the optimal f as ﬁ

A

p = arg mﬂin MSE

= ar minlny — Xp||?

- ey 2
1

= argmin 7 (Y ~ Xp'(Y - Xp)
1

= arg min 2 =B XDY - Xp)
1

= arg mﬂin Z(YTY —pTXTY - YT Xp+pTXT XP)
1

= arg mﬁin Z(YTY 28T X7y + pTXT X p)

For finding f that minimizes MSE (denoted as ﬂA), we put
aiﬂ(MSE) =0 = aiﬂi(YTY —28TXTY + pTXTXp) =0

This gives us the normal equation
XT"xp=x"y

Now, if X is full column rank and hence XTXis invertible, then we have an estimate of

optimal f# denoted as ﬂA

f=XTx)"'xTy 4)

2.4 Predicting at new x locations

1. Create X matrix for prediction (X ,..4) in the same way as the previous X matrix.
Hence, if we want to predict at new x locations: x'1 , x'2 and x'3 :

I x,

’

X pred = 1 Xs
’

I x;

2. Compute the predictions as
Ypred = Xpredﬁ
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Exercise

1. Generate data from f(x) = Sin(x) + log(x) for x € [0, 10]
2. Find the weights ,BA for fitting a straight line to this data
3. Predict f(x) for x = 5.7, using the learnt weights ,HA

In [ ]:
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