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In [2]:

MA 506 Probability and Statistical
Inference

Lecture 23: Logistic Regression 3

import numpy as np
import matplotlib.pyplot as plt

We had to solve the optimization problem:

mﬂin LL = mﬁin— Z [y,-log(h(xi)) + (1 — yi)log(1 — h(x;))||, where h(x) = :

Solving optimization problem for Logistic
Regression

We use a gradient based approach called: Gradient Descent

Like before, assuming g(x) = 1/(1 + e™*), differentiating g(x) with respect to x we obtain:

-1 e 1 e
—e (-1 = = — -

(1 4+ e7)? (I14+e>)? 1l+e* l+e
The main idea here is to use the following gradient step iteratively to converge to a good
solution of f:

g(x) = — = g(x)(1 — g(x))

gt — pi—aVLL )

As an example, assuming we are fitting the model A(x) = 1/(1 + e~%+#1%). Hence, the
polynomial in the power of e is a staight line with 2 parameters: f = [fo, p]. For this case,
the vector form of (2) will be

ﬂo]f“ - [ﬂo]j _alaLL/aﬂo]j
i B OLL/0p

where the left hand side is the estimate of f at iteration: j + 1, by using the previous
estimate of f at iteration: j, offset by the gradient information.
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Computing: V L L for the gradient based update in (2):

VLL = -V Z [y,-log(h(xi)) + (1 —yi)log(1l — h(xi))]

--Y [yz-w«)g(h(xi)) + (1= y)Viog(l = hx)| ©
Computing the required terms

1
Viog(h(x)) = Vlog(g(Xp)) = mg(Xﬁ)(l —gXP)X = (1 - g(XP)X = (1 - h(x,

Viog(l — h(x)) = Viog(l — g(Xp)) = — g XP(1 — g( X)X = —g(XPX

I
1 — g(XPp)

Putting it back in (3)

VLL = — 2 yiViog(h(x;)) + (1 — y;)Viog(1 — h(xi))]

== 2 |w( = hGa)X; - (1 - y»h(x»&]

=—z:wm—ﬁmMmp4mn&+ﬁmwx]

=— D |nXi- h(xi)Xi]

=- Z i — )A)i)Xi]

=Xy -Y)

Hence the final gradient step is:

pH — gl aXT(Y - Y)

Data

http://localhost:8889/notebooks/Fall_2022/MA506/23_Logistc_Regression3/Logistic%20Regression%203.ipynb Page 2 of 6



Logistic Regression 3 - Jupyter Notebook 10/31/22, 4:49 PM

In [10]: np.random.seed(0)
1 = 30
Xs = np.random.randn(1).reshape(1,1)
ys = np.ones(1)
ys[xs[:,0] < 0.4] =0
### Plotting
plt.scatter(xs[ys == 1],ysl[ys == 1],marker
plt.scatter(xslys == 0],yslys == 0],marker
plt.xlabel('x"',size = 15)
plt.ylabel('Label',size = 15)
plt.show()
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In [ ]: Logistic Regression code
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In [13]: def h(X,beta):

## returns the value of the sigmoid function

ypred = 1/(1 + np.exp(-1xX.dot(beta)))
return ypred

def model_cost(X,y,beta):

## computes the value of the model fitting cost

cost = 0
for j in range(X.shapel0]):
terml = y[jl*np.log(h(X[j,:]1,beta))[0]
term2 = (1 = y[jl)*np.log(1l - h(X[j,:],beta))[0]

cost = cost - (terml+term2)
return cost

def gradient_descent(X,y,beta@,alpha,iteration):

10/31/22, 4:49 PM

## Implemented iteration for the gradient descent algorithm

ypred = h(X,beta0)

beta [betao]

cost [model_cost(X,y,beta0)]
for j in range(iteration):

grad_1 = -1%X.T.dot(y.reshape(-1,1) - ypred)

beta_new = beta[-1] - alpha * grad_1l
ypred = h(X,beta_new)
beta.append(beta_new)

print('Cost at iteration '+#str(j)+' is:

cost.append(model_cost(X,y,beta_new))
return [beta_new,cost]
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In [17]:

In [18]:
Out[18]:

In [27]:

beta = np.ones([2,1])

alpha = 0.01

iteration = 1000

Xs = np.concatenate((np.ones([len(xs),1]),xs),axis = 1)
beta_new, cost = gradient_descent(Xs,ys,beta,alpha,iteration)

Cost at iteration 69 is: 7.194245216843533
Cost at iteration 70 is: 7.163521248498534
Cost at iteration 71 is: 7.133356590732667
Cost at iteration 72 is: 7.103733635129696
Cost at iteration 73 is: 7.074635562213052
Cost at iteration 74 is: 7.046046295683665
Cost at iteration 75 is: 7.017950459889214
Cost at iteration 76 is: 6.99033334025949

Cost at iteration 77 is: 6.963180846466945
Cost at iteration 78 is: 6.936479478093618
Cost at iteration 79 is: 6.910216292605354
Cost at iteration 80 is: 6.8843788754520245
Cost at iteration 81 is: 6.85895531212862

Cost at iteration 82 is: 6.833934162046552
Cost at iteration 83 is: 6.809304434077604
Cost at iteration 84 is: 6.7850555636448

Cost at iteration 85 is: 6.761177391245267
Cost at iteration 86 is: 6.737660142299762
Cost at iteration 87 is: 6.714494408232456
Cost at iteration 88 is: 6.691671128692404

beta_new

array([[-2.62491271],
[ 7.48557568]11])

xpred = np.linspace(-3,3,100).reshape(-1,1)
Xpred = np.concatenate((np.ones([len(xpred),1]),xpred),axis = 1)
pred = h(Xpred, beta_new)
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In [29]: np.random.seed(0)
1 =30
Xs = np.random.randn(1).reshape(1,1)
ys = np.ones(1)
ys[xs[:,0] < 0.4] =0
### Plotting

plt.scatter(xslys == 1],ys[ys == 1],marker = 'x',s = 100)
plt.plot(xpred,pred, label ='Prediction')
plt.scatter(xsl[ys == 0],ysl[ys == 0],marker = 'x',s = 100)

plt.xlabel('x"',size = 15)
plt.ylabel('Label',size = 15)
plt.show()
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In [ ]:
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