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Reformulating Marginal Log-likelihood

With the assumption of the latent variable z and choice of inference model q„(z |x), now
analyzing the log-marginal likelihood. From (1), we have single datapoint marginal likelihood:

p◊(x) =
⁄

p◊(x , z)dz

=
⁄

p◊(z |x)p◊(x)dz

=
⁄

p◊(x)p◊(z |x)dz

¥
⁄

p◊(x)q„(z |x)dz

= Eq„(z|x)[p◊(x)]

From Jenson’s inequality log(E[x ]) Ø E[log(x)]. Hence we have:

log(p◊(x)) Ø Eq„(z|x)[log(p◊(x))] (4)
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Optimizing VAE: Evidence Lower Bound (ELBO)

Hence we have:

log(p◊(x)) Ø Eq„(z|x)[log(p◊(x))]

= Eq„(z|x)
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p◊(x , z)
p◊(z |x)
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= Eq„(z|x)

C

log
C
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q„(z |x)
p◊(z |x)
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= Eq„(z|x)

C

log
C

p◊(x , z)
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DD

¸ ˚˙ ˝
=L◊,„(x)

ELBO

+ Eq„(z|x)

C

log
C

q„(z |x)
p◊(z |x)

DD

¸ ˚˙ ˝
=DKL(q„(z|x)||p◊(z|x) Ø 0

Hence maximizing ELBO will approximately maximize log-marginal likelihood of data
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Term II: DKL(q„(z |x)||p◊(z |x)

Here the second term (on previous slide) is the KL divergence between q„(z |x) and p◊(z |x)
which is intractable. It quantifies 2 distances:

By definition, discrepancy between the approximate posterior q„(z |x) and the true
posterior p◊(z |x).
The gap between L◊,„(x) (ELBO) and the marginal log-likelihood logp◊(x); this is also
called the tightness of the bound. The better q„(z |x) approximates the true (posterior)
distribution p◊(z |x), in terms of the KL divergence, the smaller the gap
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Term I: ELBO

ELBO or Evidence Lower Bound is given by the equation:

L◊,„(x) = Eq„(z|x)

C

log
C

p◊(x , z)
q„(z |x)

DD

= Eq„(z|x)[log(p◊(x , z)) ≠ log(q„(z |x))] (5)

eq. (5) is also referred to as variational lower bound as it lower bounds the marginal
log-likelood of x.
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Optimization problem for VAE: ELBO

Coming back to the marginal likelihood:

log(p◊(x)) Ø L◊,„(x) + DKL(q„(z |x)||p◊(z |x)) (6)

we have:
L◊,„(x) Æ log(p◊(x)) ≠ DKL(q„(z |x)||p◊(z |x)) (7)

Hence by targeting the optimization problem:

max
„,◊

L◊,„(x) (8)

we:
Approximately maximize the marginal likelihood p◊(x). This means that our generative
model will become better.
Minimize the KL divergence of the approximation q„(z |x) from the true posterior
p◊(z |x), so q„(z |x) becomes better.
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